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Nuclear magnetic dipole properties and the triaxial deformation
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Abstract

Nuclear magnetic dipole properties of ground bands andγ -vibrational bands are studied for the first time using the
triaxial projected shell model approach. The study is carried out for the Dy and Er isotopic chains, ranging from transitional
to well-deformed region. It is found that theg-factor ratio of the 2+ state in ground bands to that ofγ -bands,r =
g(2+, γ -vib)/g(2+,ground), varies along an isotopic chain. With theγ -deformations, which best reproduce the energy levels
for both bands, we obtain a qualitative agreement with the experimental data. This result thus suggests that study of the ratio
may provide an important information on the triaxial deformation of a nuclear system. The angular-momentum dependence of
the ground bandg-factor on the triaxial deformation is also investigated. 2002 Elsevier Science B.V. All rights reserved.

The importance of triaxial deformation has been a
long-standing problem in the studies of atomic nuclei.
Although it is known from several model studies that
nuclei in the transitional regions acquire a stable tri-
axial mean-field deformation, consequences of it on
the measurable electromagnetic transition probabili-
ties have remained less clear. Nuclear magnetic dipole
properties are very sensitive to the single-particle as-
pects of the nuclear wave-function and hence can pro-
vide valuable information on the microscopic struc-
ture of a nuclear system. As the single-particle orbits
can be strongly modified by triaxiality, the interesting
question is whether the triaxial deformation will have
observable effects in the magnetic dipole properties.
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The study of nuclear magnetic properties has been
an active field of research in nuclear structure physics.
On the experimental side, considerable progress in the
g-factor experiment has recently been made by taking
advantages of modern experimental techniques and
sensitive detectors, for a recent example, see Ref. [1].
There have been new measurements on the ground
band and theγ -band g-factors for some rare earth
nuclei [2,3]. On the theoretical side, several early
calculations were devoted to the study ofg-factors.
They were based either on the cranking models [4–7]
or on the angular-momentum projection method [8–
10]. There have been also calculations using the
interacting boson model [11]. However, a microscopic
and systematic investigation that treats ground bands
andγ -bands simultaneously, and thus can study their
correlations along an isotopic chain, is still missing.
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Recently, triaxial projected shell model (TPSM)
calculation has become available [12]. The TPSM
extends the original projected shell model [13] by
removing the restriction of an axially deformed basis
assumed in the earlier calculations. In the TPSM
approach, one introduces triaxiality in the deformed
basis and performs exactly three-dimensional angular-
momentum projection. In this way, the deformed
vacuum state is much enriched by allowing all possible
K-components. Diagonalization mixes theseK-states,
and various excited levels, specified byK, emerge
[14]. The first excited TPSM band describes the
observedγ -vibrational band, and the second excited
TPSM band reproduces the experimentalγ γ -band.
This picture is similar to the one shown by Davydov
and Filippov [15], but now obtained in terms of a fully
microscopic theory. Transition quadrupole moments
in γ -soft nuclei have also been well described by the
TPSM [16]. It was shown [16] that the increasing trend
in transition quadrupole moment of ground bands has
a close relation to the triaxiality of a nucleus.

In the present work, the ground band and the
γ -band g-factors are studied for the first time by
using the TPSM. As in the early projected shell model
studies [13], to treat these deformed rare earth nuclei,
it is appropriate to include three major shells for each
type of nucleons (N = 4,5,6 for neutrons andN =
3,4,5 for protons). The TPSM wave-function can be
written as

(1)Ψ σI
M =

∑
K

f σI
K P̂ I

MK |Φ〉.

In Eq. (1), σ specifies the states with the same
angular momentumI , P̂ I

MK is the three-dimensional
projection operator

(2)P̂ I
MK = 2I + 1

8π2

∫
dΩ DI

MK(Ω)P̂ (Ω),

and|Φ〉 represents the triaxial qp vacuum state

(3)
{
P̂ I
MK |Φ〉, 0 � K � I

}
.

For studying the low-spin states with 0� I � 10
before any quasi-particle (qp) alignment may occur,
this is the simplest possible configuration space for
an even–even nucleus with theγ -degree of freedom
included.

As in the earlier calculations, we use the pairing
plus quadrupole–quadrupole Hamiltonian with inclu-

sion of the quadrupole-pairing term

Ĥ = Ĥ0 − 1

2
χ

∑
µ

Q̂†
µQ̂µ −GMP̂ †P̂

(4)−GQ

∑
µ

P̂ †
µ P̂µ.

The corresponding triaxial Nilsson Hamiltonian is
given by

(5)ĤN = Ĥ0 − 2

3
h̄ω

{
εQ̂0 + ε′ Q̂+2 + Q̂−2√

2

}
.

In Eq. (4), Ĥ0 is the spherical single-particle
Hamiltonian, which contains a proper spin–orbit force
[17]. The interaction strengths are taken as follows:
TheQQ-force strengthχ is adjusted such that it has a
self-consistent relation with the quadrupole deforma-
tion ε. The monopole pairing strengthGM is of the
standard formGM = [21.24∓ 13.86(N − Z)/A]/A,
with “−” for neutrons and “+” for protons, which ap-
proximately reproduces the observed odd-even mass
differences in this mass region. The quadrupole pair-
ing strengthGQ is assumed to be proportional toGM ,
the proportionality constant being fixed as usual to
be 0.16. These interaction strengths are consistent with
those used previously for the same mass region [12–
14,16].ε′ in Eq. (5) can be adjusted, reflecting how
much the system isγ -deformed. The philosophy of the
present approach is that based on the Nilsson potential,
one performs explicit angular-momentum projection
with a two-body interaction which conforms (through
self-consistent conditions) with the mean-field Nils-
son potential. The Hamiltonian with separable forces
serves only as an effective interaction, the parameters
of which have been fitted to the experimental data.

The Hamiltonian in Eq. (4) is diagonalized using
the projected basis of Eq. (3). We emphasize that,
although only the qp-vacuum state is included in
the basis, its triaxial nature generates theK-mixing
when the diagonalization is carried out. The expansion
coefficientsf , obtained through the diagonalization of
the shell-model Hamiltonian, describe the amount of
K-mixing and specify various physical states (e.g.,g-,
γ -, γ γ -bands, . . . ) [14].

In Fig. 1, we present the calculated energy levels
together with experimental data for the ground and the
γ -band in154−164Dy. In Table 1,ε andε′ used in the
TPSM calculations for the Dy isotopes are listed. It
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Fig. 1. Comparison of calculated energy levels with experimental
data for the ground bands and theγ -band in 154−164Dy. Filled
symbols represent data and open symbols the calculation.

Table 1
Deformation parametersε andε′ used in the TPSM calculations.γ
are obtained from the relation tanγ = ε′/ε

Nucleus ε ε′ γ (degree)
154Dy 0.21 0.120 30
156Dy 0.24 0.130 28
158Dy 0.26 0.120 25
160Dy 0.27 0.125 25
162Dy 0.28 0.130 25
164Dy 0.29 0.140 26

can be seen that the TPSM describe the energy levels
very well. In particular, the steepness in the increasing
curve for the lighter isotopes and the position of the
γ -band head are correctly described in the calculation.
In the later discussion for theg-factor calculations, the
same deformationsε andε′ in Table 1 will be used.
We note that changingε′ can give differentg-factor
results, but this will destroy the agreement for the
spectrum calculation obtained in Fig. 1.

The wave-functions obtained from the diagonaliza-
tion are then used to evaluate the electromagnetic tran-
sition probabilities. Theg-factor g(σ, I) is generally

defined as

(6)g(σ, I) = µ(σ, I)

µNI
= gπ (σ, I)+ gν(σ, I),

with µ(σ, I) being the magnetic moment of a state
(σ, I). gτ (σ, I), τ = π or ν, is given by

gτ (σ, I) = 1

µNI

〈
Ψ σ
II

∣∣µ̂τ
z

∣∣Ψ σ
II

〉
= 1

µN

√
I (I + 1)

〈
Ψ σ
I

∥∥µ̂τ
∥∥Ψ σ

I

〉
= 1

µN

√
I (I + 1)

×
(
gτl

〈
Ψ σ
I

∥∥ĵ τ
∥∥Ψ σ

I

〉
+ (

gτs − gτl
)〈
Ψ σ
I

∥∥ŝτ∥∥Ψ σ
I

〉)
.

In our calculations, the following standard values for
gl and gs [18] have been taken:gπl = 1, gνl = 0,
gπs = 5.586 × 0.75, and gνs = −3.826 × 0.75. In
the angular-momentum projection theory, the reduced
matrix element form̂ (with m̂ being eitherĵ or ŝ) can
be explicitly expressed as〈
Ψ σ
I

∥∥m̂τ
∥∥Ψ σ

I

〉
=

∑
Ki,Kf

f σ
IKi

f σ
IKf

×
∑

Mi,Mf ,M

(−)I−Mf

(
I 1 I

−Mf M Mi

)

× 〈Φ|P̂ I
KfMf

m̂1MP̂ I
KiMi

|Φ〉
= (2I + 1)

∑
Ki,Kf

(−)I−Kf f σ
IKi

f σ
IKf

×
∑

M ′,M ′′

(
I 1 I

−Kf M ′ M ′′
)

×
∫

dΩ DM ′′Ki
(Ω)〈Φ|m̂1M ′R̂(Ω)|Φ〉.

We finally have

gτ (σ, I) = 1

µN(I + 1)

∑
Ki,Kf

f σ
IKi

f σ
IKf

×
∑

M ′,M ′′
〈IM ′′1M ′|IKf 〉

×
∫

dΩ DM ′′Ki
(Ω)
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Fig. 2. Comparison of calculated g-factor ratio
r = g(2+, γ -vib)/g(2+,ground) with available data for Dy
(top panel) and Er (bottom panel) isotopes. Data are taken from
Refs. [2,3,20].

× 〈Φ|m̂1M ′R̂(Ω)|Φ〉.
Since wave functions for a ground band and aγ -band
contain different components of theK-states, they
can have different responses to the triaxiality. As
a consequence, one expects different behavior of
the g-factors of the states in a ground band and a
γ -band as a function ofγ -deformation. An interesting
relation between the ground band and theγ -band
g-factors has been suggested based on experimental
information [3], and the departure of the ratior =
g(2+, γ -vib)/g(2+,ground) from 1 was interpreted
as theF -spin admixture within the interacting boson
model [19].

In Fig. 2, the calculatedg-factor ratios of the
2+ γ -state to that of the 2+ state of ground band
are plotted for the Dy and Er isotopic chains. In
going from the neutron numberN = 88 to 100, the
theoretical curves show the same trend for the two
isotopic chains: As the neutron number increases, the

Fig. 3. Calculatedg-factors of the 2+ state in the ground band (solid
line) and that in theγ -band (dashed line) for154Dy as a function of
triaxial deformationε′.

ratio r starts from a value around 0.8, goes up and
crosses ther = 1 line, reaches a value close to 1.1,
and then turns back. Thus, our theoreticalr is clearly
smaller than 1 for transitional nuclei, and is close to or
larger than 1 for well-deformed nuclei. By collecting
available data from the rare earth region, Alfter et al.
obtained a similar trend for the experimentalr [3].
Unfortunately, there are not sufficient data across the
whole isotopic chains for a comprehensive study. In
Fig. 2, we plot the available data of the Dy and
Er isotopes. For nuclei with the neutron number
larger than 96, we have obtained anr value larger
than 1, indicating that for these nuclei, theg-factor
of the 2+ γ -state is larger than that of the 2+ state
of ground band. This is in a qualitative agreement
with the existing data. However, the amplitude of the
theoretical ratios are smaller than the experimental
values. For the nucleus160Dy, there have been two
independent measurements with rather controversial
conclusions [2,20]. The calculatedr value for160Dy is
close to the one obtained by Alfter et al. in Ref. [20].
The implication of these results is discussed below.

For a better understanding of the above results, let
us study theg-factors in terms of the triaxiality in the
deformed Nilsson basis and theK-mixing among the
basis states. In Fig. 3, we plot theg-factors of the 2+
states in the ground band and theγ -band for154Dy as
a function of the triaxial deformation parameterε′. It is
seen from Fig. 3, that theg-factor of the ground band
2+ state is significantly larger than that of theγ -band
if the triaxiality ε′ is small. However, asε′ increases,
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the two g-factors attempt to be close to each other.
The twog-factor curves cross eventually at an higher
triaxiality aroundε′ = 0.16. The tendency that the two
g-factors get closer for largerε′ may be understood as
a consequence of theK-mixing among the projected
K-states in Eq. (3). For a smallε′, the ground band
consists of a pureK = 0 and theγ -band a pureK = 2
component. With increasingε′, considerableK = 2
component is mixed into the ground band, andvice
versa, K = 0 component into theγ -band (see also
the discussion in Ref. [14]). For a sufficiently largeε′,
both components can be nearly equally present in the
ground band and in theγ -band. This is the reason to
obtain the close values for the twog-factors with large
triaxiality.

It becomes clear from Fig. 3 that in our calcula-
tion, whetherr is larger or smaller than 1, as well as
its amplitude, is closely related to the triaxialityε′.
Changingε′ can lead to a different theoretical picture.
However, the theoreticalr given in Fig. 2 are obtained
with the ε′ that can best reproduce the energy levels
in Fig. 1 (for the Er isotopes, in Ref. [14]).ε′ is re-
lated to the conventional triaxial parameterγ through
the relation tanγ = ε′/ε. The value ofε is held fixed
for each nucleus in the calculations, and therefore,γ

increases linearly withε′. We thus suggest that accu-
rate measurement ofr can provide useful information
for understanding the triaxiality of a nucleus. Experi-
mental study ofg-factors is a very challenging task. It
is not surprising to see very controversial results from
different measurements, such as the example of160Dy.
We hope that our results will stimulate futureg-factor
experiments.

Now we turn our discussion to the angular-momen-
tum dependence of the ground bandg-factors. Exper-
imental data in Ref. [21] exhibited a significant varia-
tion in theg-factors of the low-spin states in some Dy
ground bands. The data shows a large drop at 6h̄ in
158Dy and 160Dy, and a clear jump at 8̄h in 162Dy.
The early projected shell model calculations [9,10]
with an axially deformed basis did not reproduce the
variations. We note that these data are different from
those obtained by Brandolini et al. [2,22] in which
these variations were not seen. In the early projected
shell model calculations, while the band-crossing with
an i13/2 neutron pair can be excluded as a cause for
these variations [10], there could exist uncertainties
due to the restriction of an axially deformed basis.

Fig. 4. Comparison of available data with calculatedg-factors for
154−164Dy. There are two sets of theoretical curves for calculations
with triaxially deformed basis (solid curves) and with axially
deformed basis (ε′ = 0, dashed curves). The experimental data are
taken from Ref. [2] (open squares), Ref. [21] (open circles), and
Ref. [23] (open diamonds).

Thus, with the new three-dimensional projection cal-
culation available, the projected shell model results
can now be recalculated.

In Fig. 4, results of the TPSM calculations are com-
pared with the experimental data [2,21,23] for the iso-
topes154−164Dy. The deformationsε and ε′ used in
the calculations are again those listed in Table 1. It
can be seen from Fig. 4 that the theoretical curves ap-
pear to be smooth as a function of angular momentum
and no variation in theg-factors is obtained. Conse-
quently, the experimentalg-factors by Brandolini et al.
[2] are nicely reproduced. We can thus conclude that
the present calculations, performed with inclusion of
γ -deformed basis and three-dimensional angular mo-
mentum projection, cannot produceg-factor variations
in the low-spin states of ground bands.

In conclusion, the low-sping-factors of both ground
bands andγ -vibrational bands in theγ -soft and well-
deformed rare earth nuclei have been studied simul-
taneously using the triaxial projected shell model
approach. The diagonalization is carried out in a
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shell model basis with three-dimensional angular-
momentum projection on the triaxially deformed
Nilsson-states. It has been shown that the 2+ stateg-
factors in ground bands and inγ -bands behave differ-
ently as a function of triaxiality. Theg-factor ratior
varies along an isotopic chain, having different char-
acteristic values for transitional and well-deformed
nuclei. For a given nucleus, the calculatedr can be
changed with triaxial deformation. Therefore, we sug-
gest that the ratio of theg-factors, not their depen-
dence on rotation, may be taken as a fingerprint of the
nuclear triaxiality. More accurate measurements of the
g-factor ratio will be very helpful for a better compar-
ison with the theoretical results presented in this man-
uscript.
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