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Compared with classical search algorithms, Grover quantum algorithm@L. K. Grover, Phys. Rev.
Lett. 79, 325 ~1997!# achieves quadratic speedup and Bru¨schweiler hybrid quantum algorithm
@R. Brüschweiler, Phys. Rev. Lett.85, 4815~2000!# achieves an exponential speedup. In this paper,
we report the experimental realization of the Bru¨schweiler algorithm in a three-qubit nuclear
magnetic resonance ensemble system. The pulse sequences are used for the algorithms and the
measurement method used here is improved on that used by Bru¨schweiler, namely, instead of
quantitatively measuring the spin projection of the ancilla bit, we utilize the shape of the ancilla bit
spectrum. By simply judging the downwardness or upwardness of the corresponding peaks in an
ancilla bit spectrum, the bit value of the marked state can be read out, especially the geometric
nature of this read-out can make the results more robust against errors. ©2002 American Institute
of Physics. @DOI: 10.1063/1.1494784#
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I. INTRODUCTION

Quantum algorithms are very important in quantu
computing. One can find this point in Deutsch and Josz
quantum algorithm which demonstrates the incomparable
vantage of quantum computing.1 Two more famous quantum
algorithms which are closely related to practical applicatio
of quantum computation are: Shor’s factoring algorithm2 and
Grover’s quantum search algorithm.3 The factorization of a
large number into prime factors is a difficult mathematic
problem because existing classical algorithms require ex
nential times to complete the factorization in terms of t
input. However, Shor’s quantum algorithm drastically d
creases this to polynomial times. Another similar example
searching marked items from an unsorted database. Actu
many scientific and practical problems can be abstracte
such search problem. Hence, it is a very important subj
Classically, it can only be done by exhaustive searching.
like Shor’s algorithm, Grover’s quantum algorithm achiev
only quadratic speedup over classical algorithms, namely,
number of searching is reduced fromO(N) to O(AN). How-

a!Author to whom correspondence should be addressed; electronic
gllong@tsinghua.edu.cn
3310021-9606/2002/117(7)/3310/6/$19.00
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ever, it has been proven that Grover’s algorithm is optim
for quantum computing.4 The strong restriction of the opti
mality theorem can be broken off if we go out of quantu
computation and then exponential speedup may be achie
Using nonlinear quantum mechanics, Abrams and Llo5

have constructed a quantum algorithm that achieves ex
nential speedup. However, the applicability of nonline
quantum mechanics is still under investigation, as well as
realization of their algorithm at present.

Recently, by using multiple-quantum operator algeb
Brüschweiler put forward a hybrid quantum search algorith
that combines DNA computing idea with the quantum co
puting idea.6 The new algorithm achieves an exponent
speedup in searching an item from an unsorted databas
requires the same amount of resources as effective pure
quantum computing. There are several known schemes
quantum computers, such as cooled ions,7 cavity Quantum
Electrodynamics ~QED!,8 nuclear magnetic resonanc
~NMR!,9 and so on. The NMR technique is sophisticated a
many quantum algorithms have been realized by using
NMR system.10–16Many studies show that the NMR syste
is particularly suitable for the realization of such algorithm
in which ensembles of a quantum nuclear spin system
involved. Strictly speaking, the Bru¨schweiler algorithm is
il:
0 © 2002 American Institute of Physics
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not a pure quantum algorithm, and thus the realization of
Brüschweiler algorithm in NMR enjoys freedom from th
debate17,18 about the quantum nature of the NMR compu
tion using effective pure state. Because this algorithm is
ponentially fast, it takes a much shorter time to finish
search problem, and this also makes the algorithm more
bust against decoherence.

In this paper, we report the experimental realization
the Brüschweiler algorithm in a three-qubit homonucle
system. In the procedure, we have improved the meas
ment method used by Bru¨schweiler in his paper.6 Instead of
measuring the ancilla bit’s spin polarization, we utilize t
shapes of ancilla bit’s spectra, i.e., by judging the downwa
ness or upwardness of the corresponding peaks in the s
trum, the bit value of the marked state can be read out. S
the geometric property of the spectrum is easy to recogni
this makes the algorithm more tolerant to errors. Our pape
organized as follows. After the Introduction, we briefly d
scribe Brüschweiler’s original algorithm in Secs. II, and the
we introduce our modification part based on the Bru¨sch-
weiler algorithm in Sec. III. In Sec. IV, we present the deta
of the pulse sequences of the algorithm and the results of
experiment. Finally, a summary is given.

II. BRÜSCHWEILER’S ALGORITHM

NMR techniques lie far ahead of other sugges
quantum computing technologies. However, during rec
years, the rapid developing tendency becomes slower
slower. People have taken more effort in preparing an ef
tive pure state, but compared with a pure state quantum c
puter, there is no essential speedup. Bru¨schweiler’s wonder-
ful idea may shed light on this area, he takes advantag
the mixed state nature in the NMR system and achieves
exponential speedup in searching an unsorted database
convenience in following discussion we repeat the main i
of the Brüschweiler algorithm in brief~in detail, see Refs. 6
and 19!.

As is well known, the preparation of the effective pu
state is one of the most troublesome parts in a NMR qu
tum computing experiment. On the other hand, the effec
pure state also sets a restriction on the number of qubits20,21

The effective pure state is represented by the density op
tor

r5~12«!22n1̂1«u00•••0&^00•••0u. ~1!

At room temperature, under the high temperature
proximation we have

«5
nhv

2nkT
. ~2!

In Eq. ~1!, the second term’s contribution to the outcom
is scaled by the factor«, which decreases exponentially wit
n, namely, the number of qubits, but the first term has
contribution at all.22

In the NMR ensemble system, the state can be re
sented by density operators which are linear combination
direct products of spin polarization operators.9,19 In a strong
external magnetic field, the eigenstates of the Zeem
Hamiltonian
Downloaded 09 Aug 2002 to 160.36.28.37. Redistribution subject to AI
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uf in&5u001 . . . 01&5uaab . . . ab&, ~3!

are mapped on states in the spin Liouville space

s in5uf&^fu5I 1
aI 2

aI 3
b •••I n21

a I n
b , ~4!

where

I k
a5uak&^aku5

1

2
~1k12I kz!5F1 0

0 0G , ~5!

I k
b5ubk&^bku5

1

2
~1k22I kz!5F0 0

0 1G , ~6!

represent, respectively, spin-up and spin-down states
the spin. Usually, the oracle or query is a computable fu
tion f: f (x)50 for all x except for x5z, which is the
item that we want to find out for whichf (z)51. Usually,
the oracle can be expressed as a permutation operation w
is a unitary operationU f , implemented using logic gates6

In the Brüschweiler algorithm, an extra bit~also called the
ancilla bit! is used and its state is represented byI 0 . The
output of the oracle is stored on the ancilla bitI 0 whose state
is prepared in thea state at the beginning. The output off
can be represented by an expectation value ofI 0z for a pure
state

f 5F~ I 0
as in!5 1

22Tr~U fI 0
as inU f

1I 0z!. ~7!

If s in happens to satisfy the oracle, thenI 0
a is changed

to I 0
b . This gives the value of the trace equal to21/2, and

hencef equals 1. The input off can be a mixed state o
the form r5( j 51

N I 0
a s j where s j is one of the form in

Eq. ~4!:

f 5(
j 51

N

F~ I 0
a s j !5FS (

j 51

N

I 0
a s j D 1

N21

2
. ~8!

The oracle is applied simultaneously to all the co
ponents in the NMR ensemble. The oracle operation is qu
tum mechanical. Bru¨schweiler put forward two version
of the search algorithm. We adopt his second version.
essential of the Bru¨schweiler algorithm is as follows: sup
pose that the unsorted database hasN52n number of items.
We need then qubit system to represents these 2n items. The
algorithm containsn oracle queries each followed by a me
surement:

~1! Each time,I 0
aI k

a (k51, 2,•••,n) is prepared. In fact,
the input stateI 0

a •••1•••I k
a •••1••• is a highly mixed state.14

In the following text, the identity operator will be omitted
This Liouville operator actually represents the 2n21 number
of items encoded in a mixed state:
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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I 0
aI k

a5I 0
a~ I 1

a1I 1
b!~ I 2

a1I 2
b!•••~ I n

a1I n
b!

5 (
g1 ,g2 ,•••,gk21 ,gk ,gk11 ,•••,gn5a,b

I 0
aI 1

g1I 2
g2 •••I k21

gk21I k
aI k11

gk11 •••I n
gn

5 (
i 1 ,i 2 ,•••,i k21 ,i k11 ,••• i n50,1

u i 1i 2 ••• i k210i k11 ••• i n&&^ i 1i 2 ••• i k210i k11 ••• i nu. ~9!
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This mixed state contains half of the whole items in t
database. Thekth bit is set toa. The other half of the data
base with thekth bit equals tob ~or 1! is not included.

~2! Applying the oracle function to the system. As se
in Eq. ~8!, the operation is done simultaneously to all t
basis states. If thekth bit of the marked state is 0, then th
marked state is contained in Eq.~9!. One of the 2n terms in
Eq. ~9! satisfies the oracle and the oracle changes the sig
the ancilla bit froma to b. If one measures the spin of th
ancilla spin after the functionf, the value will be f 5(2n

21)31/211/22(2n22)31/251. If the kth bit of the
marked state is 1, then the state~9! will not contain the
marked item. Upon the operation of the functionf, there is no
flip in the ancilla bit. A measurement on the ancilla bit’s sp
I 0z will yield f 51/23(2n21)11/22(2n)31/250. How-
ever, without obtaining the value off, we can know the
marked state by measuring the ancilla bit’s spin. If one m
sures the spin of the ancilla spin after the oracle, the va
will be (2n2121)31/221/25N/421 for thekth bit of the
marked state being 0. If thekth bit of the marked state is 1
then the state~9! will not contain the marked item. Upon th
operation of the oracle, there is no flip in the ancilla bit.
measurement on the ancilla bit’s spinI 0z will yield 1/2
3(2n21)5N/4. Therefore, by measuring the ancilla bit
spin, one actually reads out thekth bit of the marked state
~3! By repeating the above procedure fork from 1 to n, one
can find out each bit value of the marked state.

In the following, we give a simple example withN54
for illustrating the algorithm, and the example is realized
an experiment. The example is used for demonstration.
advantage of the algorithm will be seen if the number
qubit becomes large. Suppose the unsorted database
four items$00, 01, 10, 11% is represented by Zeeman eige
states of the two spinsI 1 , I 2 . The itemz510 is the one
which we want. That is to say,f 51 for z510, which is

FIG. 1. Representation of the oracleU f spanning on spinsI 1 , I 2 whose
function corresponds to one permutation and results of the query st
on I 0 .
Downloaded 09 Aug 2002 to 160.36.28.37. Redistribution subject to AI
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a . For the other three items,$00(I 1
aI 2

a),

01(I 1
aI 2

b), 11(I 1
bI 2

b)%, f 50. Functionf can be realized by a
permutation illustrated in Fig. 1~similar to Fig. 2 in Ref. 6!.
The extra qubitI 0

a is included in the permutation.
First, we prepare a mixed stateI 0

aI 1
a , which is the sum of

I 0
aI 1

aI 2
a1I 0

aI 1
aI 2

b . Then, the permutation described in Fig. 1
operated on this mixed state. Since the first bit of the mar
state is 1, the permutation will have no effect on the anc
bit because it is obvious that the stateI 0

aI 1
a will not contain

the marked state.I 0
aI 1

aI 2
a , I 0

aI 1
aI 2

b each contributes 1/2 to th
spin of the ancilla bit. Upon measurement of the ancilla
on its spin, the intensity will be 231/251 unit. That tells us
that the first bit of the marked item is 1~ in stateI 1

b). Second,
we prepare another state,I 0

aI 2
a5I 0

aI 1
aI 2

a1I 0
aI 1

bI 2
a . We get out-

put I 0
aI 1

aI 2
a1I 0

bI 1
bI 2

a after the action of permutationf. Mea-
suring the spin of the ancilla bit, we get 0, sinceI 0

aI 1
aI 2

a and
I 0

bI 1
bI 2

a contribute to the spin measurement equally but w
opposite signs. Then, this tells us that the second bit is 0~in
stateI 2

a). After these two measurements, we have obtain
the marked state. In the actual experiment, we have mod
the measuring part of the algorithm. We read out the
values by looking at the shape of the ancilla bit. It is clea
and more concise.

III. MODIFICATION TO THE ORIGINAL ALGORITHM

We need not measure theI 0
z , we can distinguish the stat

of the ancilla bit by the shape of its spectrum. Because
ferent initial statesI 0

aI k
a have the same form, except for th

difference in thek subscript, it is natural that the spectrumI 0

will have similar shapes forI 0
g I k1

d and I 0
gI k2

d . We use the

shape of the spectrum of the stateI 0
aI k

a as a reference wher
k51,2•••. First, the phase ofI 0

aI 1
a is determined as making

peaks of the spectrum up. In this NMR system, theI 0 bit has
J coupling to bothI 1 and I 2 and there are only two peaks i
the I 0 spectrum for the stateI 0

aI 1
a , the localities of two peaks

are determined by the order of the nuclei, which is the fi
second,•••. The I 0 spectrum ofI 0

aI 1
a before the operation o

the permutationU f is given in Fig. 2~a!. After the permuta-
tion operation, we measure the spectrum ofI 0 in the new
states again. If the shape of the spectrum is the same a
one before the oracle, i.e., two peaks are up still, then
permutation operation has not changed the stateI 0

aI k
a , and

this means thatI k is 1, that is to say, thekth bit value of the
marked statesz is 1. If thekth bit of the marked state is 0, th
ancilla bit will flip after the operation of the permutationU f .
We can see this from the density matrices before and a
the query operationU f . Before the query is evaluated on th

ed
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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mixed stateI 0
aI 1

a , the density matrix~apart from a multiple
of the identity matrix and a scaling factor! is

r01in51
0.5 0 0 0 0.5 0 0 0

0 0.5 0 0 0 0.5 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0.5 0 0 0 0.5 0 0 0

0 0.5 0 0 0 0.5 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

2 , ~10!

After the query, the matrix at the acquisition is

r01out51
0.5 0 0 0 0.5 0 0 0

0 0.5 0 0 0 0.5 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0.5 0 0 0 0.5 0 0 0

0 0.5 0 0 0 0.5 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

2 . ~11!

When we measure the spectrum of ancilla bitI 0 , the left
peak, corresponding matrix element 51, and the right pe
corresponding matrix element 62, do not change. This in
cates that the shape of the spectrum does not change. A
the second step, before the query is evaluated on the m
stateI 0

aI 2
a , the outcome matrix is

FIG. 2. Experimental realization of the Bru¨schweiler’s algorithm using the
three spins 1/2 of13C, 13C-labled alanine dissolved in D2O. ~a! The spectra
of the ancilla qubit in the state before the oracleU f , two peaks are upward
The shape of the spectrum is used as criterion.~b! The spectrum of the
ancilla qubit after the oracleU f . The first bit is 1.~c! The spectrum of the
ancilla qubit in the state after the oracleU f . The second bit is 0. The
marked state is 10.
Downloaded 09 Aug 2002 to 160.36.28.37. Redistribution subject to AI
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r01in51
0.5 0 0 0 0.5 0 0 0

0 0 0 0 0 0 0 0

0 0 0.5 0 0 0 0.5 0

0 0 0 0 0 0 0 0

0.5 0 0 0 0.5 0 0 0

0 0 0 0 0 0 0 0

0 0 0.5 0 0 0 0.5 0

0 0 0 0 0 0 0 0

2 , ~12!

and after the query, the matrix becomes

r02out51
0.5 0 0 0 0.5 0 0 0

0 0 0 0 0 0 0 0

0 0 0.5 0 0 0 20.5 0

0 0 0 0 0 0 0 0

0.5 0 0 0 0.5 0 0 0

0 0 0 0 0 0 0 0

0 0 20.5 0 0 0 0.5 0

0 0 0 0 0 0 0 0

2 .

~13!

The left peak@~51! matrix element# does not change, bu
the right peak,@~72! matrix element# changes sign. Thus, th
right peak of the spectrum will be downward.

This method of ‘‘reading out’’ the bit of the marked sta
is effective. Since it depends on the shape of the spectru
topological quantity, it is insensitive to errors as compared
the quantitative measurement of the spin of the ancilla b

IV. REALIZATION OF THE ALGORITHM
IN NMR EXPERIMENT

We implemented the Bru¨shweiler algorithm in a three
qubit homonuclear NMR system. The physical syste
used in the experiment is13C labeled alanine13C1H3

213C0H~NH2
1)213C2OOH. The solvent is D2O. The experi-

ment is performed in a Bruker Avance DRX500 spectro
eter. The parameters of the sample were determined by
periment to be:J02554.2 Hz, J01535.1 Hz, andJ1251.7
Hz. In the experiment,1H is decoupled throughout the whol
process.13C0, 13C1, and 13C2 are used as the three qubit
whose states are represented byI 0 , I 1 , andI 2 , respectively.
13C0 is used as the ancilla bit and the result of the oracle
stored on it, and13C1 and13C2 are the second and third qubi
respectively. We assume the marked item is 10.

First, the stateI 0
aI 1

a is prepared. It is achieved by a se
quence of selective and nonselective pulses, andJ-coupling
evolution. We begin our experiment from thermal equili
rium state. This thermal state is expressed as

s~02!5I z
01I z

11I z
2 . ~14!

The input stateI 0
aI 1

a can be written as1
2 ( 1

2 11I z
01I z

1

12I z
0I z

1). The identity operator does not contribute signals
NMR, and a scale factor is irrelevant, thusI 0

aI 1
a is equivalent

to I z
01I z

112I z
0I z

1 . The pulse sequence14,23,24
P license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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S p

2 D
y

2

⇒Grad⇒S p

4 D
x

0,1

⇒t⇒S p

6 D
2y

0,1

⇒Grad ~15!

applied to the thermal state produces this input state:

s~01!5A6

4
~ I z

01I z
112I z

0I z
1!. ~16!

However, in our experiment only the spectrum ofI 0 is
needed, and onlyJ coupling between qubit 0 and 1 is re
tained, a simplified pulse sequence is actually used in
present experiment to prepare an equivalent input state:

S p

2 D
y

0

⇒t8⇒S p

2 D
x

0

⇒S p

4 D
2y

0

⇒Grad. ~17!

Here, the subscripts denote the directions of the rad
frequency pulse, and the superscripts denote the nucle
which the radio frequencies are operated. Two number
the superscript mean that the pulse are applied simu
neously to two nuclei.~In actual experiment, the pulses a
applied in sequence. Because the duration of the puls
very short, they can be regarded as simultaneous!. Grad re-
fers to applying the gradient field.t51/(2J01) or t8
51/(4J01) is the free evolution time during which nuclea
13C2 is decoupled. The second pulse sequence is oper
more easily, because only selective toI 0 is considered. Pulse
sequence~17! transforms the thermal state~14! into

s~01!5 1
2~ I z

01I z
112I z

0I z
1!1 1

2I z
11I z

2 . ~18!

States~16! and~18! are equivalent, because1
2I z

1 andI z
2 do not

contribute to theI 0 spectrum, and the scaling factor does n
matter.

The oracle, represented as a permutationf is applied to
this initial state:I 0

aI 1
a . Then, the result of the oracle oper

tion is stored on the ancilla bitI 0 , that is, the state of the
13C0 indicates the state of the first bit of the marked ite
Specifically, the expression of the unitary operation cor
sponding to the permutationf is

U f51
1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1

2 . ~19!

The permutationU f can be completed using the s
quence logic gates given in Fig. 3. The left one is the CN
gate and the right one is the Toffoli gate. The pulse seque
can be found in Refs. 23 and 25. The pulse sequence wi
very complex if we write according to the network althou
it is very rigorous. Since we assume that there is only o
marked state and only the spectrum ofI 0 is needed, the func
tion of theU f can be realized by the pulse sequence sho
below
Downloaded 09 Aug 2002 to 160.36.28.37. Redistribution subject to AI
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S p

2 D
y

0

⇒t⇒S p

2 D
x

0

, ~20!

where t51/(2J01). After the operation of the oracle, w
measure the spectrum of the ancilla bit. This pulse seque
achieves the same result as that for the gate shown in Fi

I 0
aI 1

a5I 0
aI 1

aI 2
a1I 0

aI 1
aI 2

b→I 0
aI 1

aI 2
a1I 0

aI 1
aI 2

b ,

I 0
aI 2

a5I 0
aI 1

aI 2
a1I 0

aI 1
bI 2

a→I 0
aI 1

aI 2
a1I 0

bI 1
bI 2

a .
~21!

Second, the initial stateI 0
aI 2

a is prepared. There are tw
ways to prepare this initial state. One method is to us
pulse sequence as in Eq.~15! or ~17! by exchanging 1 with 2
in the superscripts. Another method is to use the swap op
tor in Ref. 19:

S p

2 D
y

1,2

⇒t1⇒S p

2 D
x

1,2

⇒t1⇒S p

2 D
2y

1,2

, ~22!

onto the initial stateI 0
aI 1

a and the stateI 0
aI 2

a will be obtained.
In the experiment, we adopt the second approach. The s
operator is important in generalizing the experiment in
more qubit systems and we will discuss this later. Then,
apply the permutationU f again, and the result of the orac
is stored in the ancilla bit13C0.

The spectra forI 0 after the oracle queryU f operated on
I 0

aI 1
a and I 0

aI 2
a are given in Figs. 2~b! and 2~c!, respectively.

We can see clearly that the one has the same shape a
reference spectrum and the other one has flipped the r
peak. This tells us that the first bit and the second bit of
marked state are 1 and 0, respectively. Thus the marked
is 10. We also notice that there are small differences betw
the spectra before and after the permutation operations
I 0

aI 1
a . These are expected due to imperfections caused by

inhomogeneous field, the errors in the selective pulse, an
the evolution of the chemical shift.

V. SUMMARY

In summary, we have successfully demonstrated
Brüschweiler algorithm in a three-qubit homonuclear NM
system. Pulse sequences are given. A new method for r
ing out the bit value of the marked state is proposed a
realized. The number of iterations required for this algorith
is very small. This is particularly propitious to resist dec
herence, especially for a NMR system at room temperat
Another advantage of this algorithm is its robustness aga
errors, i.e., the shape of the spectrum in reading the bit of
marked state has a special feature and one can easily d

FIG. 3. Network for realizing the oracleU f .
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guish it from others. Another advantage is its high proba
ity in finding the marked state, which is 100%.

It should be pointed out that there are still several iss
to be addressed in generalizing the searching machine
more qubit system. First, one must find a suitable molec
to act as the quantum computer. According to Bru¨schweiler’s
original algorithm, the ancilla qubitI 0

a must interact with
every other qubit. However, in a molecule, the interact
between remote nuclear spins is very weak. This may
overcome by the swap operation, as given in Ref. 19. Us
the swap operation, we can prepare any initial stateI 0

aI k
a

without the direct interaction between spinI 0
a and spinI k

a .
And, the qubit also can be read out easily from the shap
the spectrum. All these are under consideration in our fut
work.
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6R. Brüschweiler, Phys. Rev. Lett.85, 4815~2000!.
7C. Monroe, D. M. Meekhof, and B. F. King, Phys. Rev. Lett.75, 4714
~1995!.

8Q. A. Turchette, C. J. Hood, W. Lange, H. Mabuchi, and H. J. Kimb
Phys. Rev. Lett.75, 4710~1995!.

9R. R. Ernst, G. Bodenhausen, and A. Wokaun,Principles of Nuclear Mag-
netic Resonance in One and Two Dimensions~Oxford University Press,
New York, 1987!.

10D. G. Cory, A. F. Fahmy, and T. F. Havel, Proc. Natl. Acad. Sci. U.S.A.94,
1634 ~1997!.

11N. A. Gersenfeld and I. L. Chuang, Science275, 350 ~1997!.
12J. A. Jones and M. Mosen, J. Chem. Phys.109, 1648~1998!.
13I. l. Chuang, V. L. M. Vandersypen, X. L. Zhou, D. W. Leung, and

Lloyd, Nature~London! 393, 143 ~1998!.
14J. A. Jones, Prog. Nucl. Magn. Reson. Spectrosc.38, 325 ~2001!.
15J. A. Jones, Phys. Chem. Commun.11, 1 ~2001!.
16G. L. Long, H. Y. Yan, Y. S. Li, C. C. Tu, J. X. Tao, H. M. Chen, M. L

Liu, X. Zhang, J. Luo, L. Xiao, and X. Z. Zeng, Phys. Lett. A286, 121
~2001!.

17S. L. Braunstein, C. M. Caves, R. Josza, N. Linden, S. Popescu, an
Schack, Phys. Rev. Lett.83, 1054~1999!.

18R. Laflamme and D. G. Cory, quant-ph/0110029.
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